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COMPLEX HOMOTHETIC FOLIATIONS ON KA¨HLER MANIFOLDS
SIMON G. CHIOSSI AND PAUL-ANDI NAGY
Abstract. We obtain a local classification of complex homothetic foliations on Ka¨hler
manifolds by complex curves. This is used to construct almost Ka¨hler, Ricci-flat metrics
subject to additional curvature properties.
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1. Introduction
Consider a foliation F on a Riemannian manifold (M, g). It is called conformal if
LV g = θ(V )g
holds on TF⊥ for any vector V tangent to the leaves where θ is a 1-form on M that
vanishes on TF⊥. The foliation F is called homothetic if θ is closed, that is dθ = 0.
These natural classes of foliations, as introduced in [23], provide a geometric set-up
for integrating the Einstein [24] or Einstein-Weyl [20] equations. Moreover, homothetic
foliations are important sources of harmonic morphisms, see [7, 18]. Examples include
Riemannian metrics of warped-product type [21], and the case when the leaves are of
dimension, or co-dimension, one is fairly well understood [18, 10].
When (M2m, g, J) is Ka¨hler and F is a complex Riemannian foliation, or equivalently
θ vanishes, the situation has been studied in [15, 16]. However, homothetic foliations
with complex leaves on Ka¨hler manifolds are still mysterious and their classification an
open problem. If the manifold is foliated by complex curves we prove:
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Theorem 1.1. A Ka¨hler manifold equipped with a complex homothetic foliation by curves
is locally obtained from a Ka¨hler manifold of Calabi type via a transversely holomorphic
twist.
The name ‘Calabi type’ refers to Calabi’s construction of Ka¨hler metrics on a holomorphic
line bundle over a Ka¨hler base. Simple examples thereof include metric cones of Sasakian
manifolds, and an abstract characterisation for surfaces was obtained in [6]. A twist is
simply a smooth map from the Ka¨hler manifold to the open unit disc in the complex
plane.
Despite F turns out to be holomorphic, it is the symplectic perspective that suits the
problem best. Indeed, the aforementioned twist is actually a deformation of the Ka¨hler
structure along the leaves of the foliation only, that keeps the symplectic form fixed. If one
assumes that the leaves are of complex dimension one, the well-known parametrisation of
twists linearises in a nice way under certain integrability conditions. In fact, the proof of
theorem 1.1 is based on the inspection of the structure equations of complex homothetic
foliation by curves, which can be solved explicitly. This allows to find a twist that renders
the Lee form θ of F dual to the gradient of the moment map of a certain holomorphic
Killing vector field. The familiar reduction procedure [14, 19] for circle-symmetric Ka¨hler
metrics then completes the argument.
The twisted Calabi construction’s symplectic nature suggests how one should obtain
almost Ka¨hler metrics with curvature properties close to Ka¨hler manifolds. In the final
section of the paper we use the recipe of theorem 1.1 to present new instances of almost
Ka¨hler structures of so-called class AK3 [12, 22]. This class has been vigourously studied
in dimensions 4 by Apostolov et.al in dimensions 4 [4, 5]; in higher dimension locally
irreducible examples are supported by twistor spaces over negative quaternion-Ka¨hler
manifolds [2]. If one looks at dimension 4 these metrics are Einstein (actually Ricci-
flat) precisely when they arise, in the form of the Gibbons-Hawking Ansatz, from a
translation-invariant harmonic function; see [5, 17] for details. We show that iterating
Calabi’s construction with a twist yields examples of another kin, and in any dimension,
of Einstein(Ricci flat) almost-Ka¨hler, non-Ka¨hler metrics. Non Ricci-flat, homogeneous,
examples of almost-Ka¨hler, non-Ka¨hler metrics in dimension 4m,m > 6 can be found in
[1](see also [3]).
2. Complex homothetic foliations
2.1. Ka¨hler structures of Calabi type. Following [6, 13] we briefly outline the main
features of the construction borne in on the seminal article [11].
Let (N, gN , IN) be a Ka¨hler manifold with fundamental 2-form ωN = gN(IN ·, ·). Take
a Hermitian line bundle (L, h) −→ N and a Hermitian connection D on it with curvature
tensor −iωN ⊗ 1L, and let M = L
× be the total space of L without the zero section.
Choosing D induces a splitting
TM = D+ ⊕D−
where D+ is the distribution tangent to the fibres of L and D− its orthogonal comple-
ment. If we let r : M → R denote the fibres’ norm, and call 2K the generator of the
natural circle action on M , so that exp(2piiK) = −1, the fibres’ inner product induces
3a Hermitian metric h on D+ such that h(K,K) = r2. The operator D also yields a
connection form Θ in Λ1M such that Θ(K) = 1, dΘ = ωN . The two form Θ ∧ rdr
endows D+ with its natural orientation. But D+ comes also equipped with a complex
structure J0 satisfying J0dr = rΘ, which can be extended toM by lifting IN horizontally;
we shall still denote it by J0. For suitable functions F :]0,∞[→ R the closed two-form
ωN + (dJ0d)F (r) gives a Ka¨hler structure with respect to J0 that makes K a Hamilton-
ian Killing vector field. Moreover, by changing the sign of J0 along D
+ we obtain an
almost complex structure I0 that is orthogonal for g0. Parametrising the structure by the
moment map G(r) = 1 + rF ′(r) of K we may write the metric as
g0 = G(r)gN − r
−1G′(r)h,
with G positive and decreasing in order to define a genuine Riemannian metric. The
fundamental 2-forms relative to J0, I0 consequently read
ωJ0 = G(r)ωN −G
′(r)Θ ∧ dr, ωI0 = G(r)ωN +G
′(r)Θ ∧ dr,
and the volume form becomes
(2.1) ωmJ0 = −mG
m−1(r)G′(r)ωN ∧Θ ∧ dr.
The distribution D+ is clearly totally geodesic with respect to g0 (see also [13]); it is also
easy to see that I0 is integrable and that D
+ induced a homothetic foliation.
The triple (M, g0, J0) thus constructed will be referred to as a Ka¨hler manifold of
Calabi type; we also allow Riemannian products with Riemann surfaces be part of this
picture. In real dimension 4 any Ka¨hler surface (M4, g0, J0) with a Hamiltonian Killing
vector field K for which the almost complex structure I0 reversing the sign of J0 along
span{K, J0K} is locally conformally Ka¨hler has to be of Calabi type [6].
Note that the Lee form θ0 of the complex structure I0, its norm and its dual ζ0 with
respect to g0 satisfy the following relationships:
θ0 = −
2H ′(r)
H(r)
dr, |θ0|
2
g0
= 4rH ′(r), ζ0 = −2rH(r)
d
dr
where the map H(r) is the reciprocal of G(r)and d
dr
is the projection of the radial vector
field of C\{0} to M .
2.2. The structure equations. Let (M2m, g, J), m > 2, be a Ka¨hler manifold endowed
with a complex foliation, and denote by D+ the distribution tangent to its leaves, by
D− the orthogonal complement. We assume that D+ induces a homothetic foliation by
curves on D−, that is
(2.2) LV g = θ(V )g
where θ in Λ1D+ satisfies dθ = 0. The real rank of D+ is two. Decomposing the Ka¨hler
form ωJ = ω
+ + ω− along TM = D+ ⊕D− implies
−dω+ = dω− = θ ∧ ω−.
The orthogonal almost complex structure which reverses the sign of J on D+ will be
called I; it has Ka¨hler form ωI = −ω
+ + ω− and Lee form given by dωI = 2θ ∧ ωI .
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For the local classification of complex homothetic foliations we first look at their
structure equations. Recall that a complex distribution E ⊆ TM is holomorphic iff
(LXJ)TM ⊆ E for all X in E, in which case the complex Frobenius theorem ensures
that E is locally spanned by holomorphic vector fields. Working on the open set where
θ 6= 0, which we shall always do, prevents D− from being integrable.
Lemma 2.1. The following hold:
(i) the distribution D+ is holomorphic, and moreover
LζJ = (χ1θ + χ2Jθ)⊗ ζ + (−χ2θ + χ1Jθ)⊗ Jζ
for some local functions χ1, χ2 on M , with χ1 = −2|θ|
−2LJζ ln |θ|;
(ii) the function χ = χ1 + iχ2 satisfies ∂D−χ = 0 where ∂D− : Λ
0
D
− → Λ1,0D− is the
transverse Dolbeault operator;
(iii) the form e = θ + iJθ in Λ0,1D+ satisfies
de = ηω+ + e ∧ γ − e ∧ γ − i|θ|2ω−
where η :M → iR is some function and γ = −2∂D− ln |θ|;
(iv) in case χ1 = 0 there exists a non-zero local function ϕ with dϕ ∧ θ = 0 such that
ϕJζ is a Hamiltonian Killing vector field for (g, J).
Proof. (i) We start by proving D+ is a holomorphic distribution; for any X, Y in D− we
have
g((LζJ)X, Y ) =g(∇JXζ − J∇Xζ, Y ) =
1
2
(Lζg)(JX, Y ) +
1
2
(Lζg)(X, JY )
=
|θ|2
2
g(JX, Y ) +
|θ|2
2
g(X, JY ) = 0
by using successively that (g, J) is Ka¨hler, θ is closed and (2.2). Because the tangent
distribution D+ is holomorphic we can write LζJ = α ⊗ ζ + Jα ⊗ Jζ , where α is a
one-form on M . Since dθ = 0 and (g, J) is Ka¨hler it follows that −α ∧ Jθ + Jα ∧ θ = 0,
hence α belongs to Λ1D+ and the desired parametrisation follows. Therefore [ζ, Jζ ] =
|θ|2χ1ζ − |θ|
2χ2Jζ , and in particular |θ|
4χ1 = θ[ζ, Jζ ]: the claim follows by taking into
account that dθ = 0.
(ii) Since J is integrable we have ∂(LζJ) = 0, which gives dα in Λ
1,1M . The claim follows
then from dθ = 0 and the fact that d(Jθ) lives in Λ1,1M .
(iii) The closure of θ forces d(Jθ) to have type (1, 1), hence we can write
d(Jθ) = fω+ + θ ∧ ψ + Jθ ∧ Jψ + gω−
where ψ belongs to Λ1D− and f, g are functions. Over D− we have |θ|2ψ = Lζ(Jθ) =
JLζθ = JdD−|θ|
2 by using that LζJ vanishes on D
−. To conclude we note that
d(Jθ) ∧ ω+ = Jθ ∧ dω+ = θ ∧ Jθ ∧ ω− = −|θ|2ω+ ∧ ω−.
(iv) If χ1 vanishes, part (ii) implies dχ2 is in Λ
1D+; thus after differentiation dχ2([X, Y ]) =
0 for all X, Y in D−, and so
(dχ2)ζ〈ζ, [X, Y ]〉+ (dχ2)Jζ〈Jζ, [X, Y ]〉 = 0.
5Since by (2.2) we have 〈ζ, [X, Y ]〉 = 0 and 〈Jζ, [X, Y ]〉 = |θ|2〈X, JY 〉, it follows that
dχ2 ∧ θ = 0. Writing locally θ = dt and χ2 = V (t), the desired function solves ϕ
′ = ϕV ,
since LζJ = χ2(Jθ ⊗ ζ − θ ⊗ Jζ). 
2.3. Integrability and twists. We now consider deformations of the complex structure
J along D+ in view of next section’s results.
Denote the open unit disc in the plane {z ∈ C : |z| < 1} with D, and let
w = w1 + iw2 :M → D
be a smooth map, which we will call a twist. Then define almost complex structures
Jw, Iw on M by
Jw = (1− S)J(1− S)
−1, Iw = (1− S)I(1− S)
−1
where S equals
(
w1 w2
w2 −w1
)
on D+, in the basis of one-forms {θ, Jθ}, and vanishes on
D−. Then Iw, Jw are orthogonal for the metric
gw = g((1 + S)(1− S)
−1·, ·),
with unchanged Ka¨hler forms
gw(Jw·, ·) = ωJ and gw(Iw·, ·) = ωI .
It is well known that any pair of commuting almost complex structures that preserves
D±, equals (I0, J0) on D
− and is compatible with ω+ on D+ is built in such way.
We shall discuss the conditions under which the structure is preserved by twisting,
meaning that (gw, Jw) is supposed to remain Ka¨hler; if this is the case D
+ is automatically
the leaf-tangent distribution of a complex homothetic foliation, as one can check using
basic vector fields.
We will frequently use the Mo¨bius transformation w = − w˜
1+w˜
in order to linearise
subsequent quadratic equations; under this transformation D is mapped onto the half-
plane {z ∈ C : Re z > −1
2
}. We denote by ζw the vector field dual to θ with respect
to the metric gw and note that Jwζw = Jζ , since the Ka¨hler form of (gw, Jw) does not
change. Furthermore,
(2.3) |θ|2gw = −
|1 + w|2
1− |w|2
|θ|2g =
1
2Re w˜ + 1
|θ|2g.
Lemma 2.2. Let (M, g, J) be a Ka¨hler manifold with a complex homothetic foliation by
curves. Given a twist w,
(i) the structure Jw is integrable iff ∂D−w˜ + w˜γ = 0;
(ii) the structure Iw is integrable iff ∂D−w˜ + (1 + w˜)γ = 0.
Proof. (i) As J is integrable and D+ holomorphic, Jw is integrable iff, for any α in Λ
0,1
Jw
D+,
the form dα has no component in Λ2,0JwM ; equivalently dα ∧ Λ
0,m
Jw
M = 0. Since the latter
space is generated by α ∧ β with β in Λ0,m−1D− we must have dα ∧ α ∧ β = 0. Taking
now α = e−we yields ∂D−w+(w+w
2)γ = 0, after a short computation mainly based on
(iii) in lemma 2.1. The claim follows from the explicit expression of the transformation
w 7→ w˜ .
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Part (ii) is proved similarly, one only has to notice that Λ0,1Iw D
+ is spanned by α with
α as above. The integrability of Iw is equivalent to ∂D−w − (1 + w)γ = 0, which yields
the claim by Mo¨bius transformation. 
The above integrability conditions will be used to twist the structure so that Jζ is
proportional to a Killing vector field first, and then to prove the classification.
Proposition 2.1. Let (M, g, J) be a Ka¨hler surface with a complex homothetic foliation.
There exists a structure-preserving local twist w such that ϕ(t)Jζ is a Killing vector field
for gw, where ϕ(t) is a one-variable map and θ = dt.
Proof. First of all we need to exhibit a twist w rendering Jw integrable, for which the
previous lemma is needed. By (iv) in lemma 2.1 furthermore, in order to have Jζ propor-
tional to a Killing field, LJζ |θ|gw = 0 must hold, that is |θ|
2χ1(Re w˜ +
1
2
) + LJζRe w˜ = 0
according to (2.3). It is straightforward to verify that if χ˜ satisfies LJζχ˜ = −
1
2
χ and
∂D−χ˜ = 0 then w˜ = |θ|
2χ˜ is a solution to both equations. To finish the proof there
remains to prove the existence of such a χ˜. This comes essentially from to the obser-
vation that LJζ commutes with dD− , hence with its complex counterparts. In fact, it is
enough to work along integral sub-manifolds of the integrable distribution Ker θ, which
are Sasakian manifolds with contact form |θ|−2Jθ and Reeb vector field Jζ ; in this situa-
tion the assertion follows by writing dD− in local co-ordinates for the Sasakian structure,
and then integrating χ along Jζ . That we also have ∂D− χ˜ = 0 is due to (ii) in lemma
2.1, which asserts that ∂D−χ = 0. 
We may always locally assume that the moment map z of the Killing vector field
X = ϕ(t)Jζ , given by XyωJ = dz, satisfies θ = dln z. That is because for positive
functions a, b of t constrained by b′ + b = −a, the metric
(2.4) gˆ = ag|D+ + bg|D−
is Ka¨hler for J , has Lee form θˆ = a
b
θ and converts D+ in a complex homothetic foliation.
The relationship between z and the dilation of θˆ is obtained for b′ + b(ϕ
′+ϕ
2ϕ
) = 0.
At this juncture we are ready for the main result of the section.
Theorem 2.1. Any Ka¨hler manifold with a complex homothetic foliation by curves is
locally obtained by twisting a Ka¨hler structure of Calabi type.
Proof. We search for a twist w such that Iw and Jw are both integrable. By lemma 2.2
this amounts to solving −dD−w˜ = (1 + w˜)γ + w˜γ. Then
dD−(Re w˜|θ|
−2) = |θ|−2dD− ln |θ| and dD−(Im w˜|θ|
−2) = |θ|−2JdD− ln |θ|,
so that we can look for solutions satisfying Re w˜ = 1
2
(|θ|2 − 1) and
(2.5) JdD− |θ|
−2 = −2dD−(Im w˜|θ|
−2).
To solve the latter equation, by the argument above and proposition 2.1 we are entitled
to assume there is a Killing vector field X with XyωJ = dz and θ = dln z.
Using the description [14, 19] of Ka¨hler manifolds with a holomorphic Killing vector
field X , we write N for the local holomorphic quotient M/{X, JX}, so that to have
7locally M = R2 × N with X = d
ds
, XyωJ = dz, where s, z are co-ordinates on R
2.
Moreover,
JX =W−1
d
dz
, Jdz =W−1(dt+ α)
where W−1 = g(X,X) and α, a one-form on N possibly depending on z, have zero
derivatives Ws = 0 and αs = 0. Then ωJ = dt∧ (dz +α) + Ω, with Ω in Λ
1,1N such that
Ω(·, J ·) > 0. Consequently,
dNΩ = 0, Ωz + dNα = 0,
αz = −JdNW ;
(2.6)
the first line amounts to having ωJ closed, the second describes the integrability of J ,
and dN is just the exterior differential on N . By differentiating once more we obtain
(2.7) Ωzz + (dNJdN)W = 0.
But since ω− = Ω, imposing dω− = dln z ∧ ω− yields
(2.8) Ω = zb
where b in Λ1,1N is closed with bs = bz = 0. In particular (dNJdN)W = 0 by (2.7), so
(JdN)W = dNW˜ for some function W˜ on N (possibly depending on z). To solve (2.5) we
observe that for any function f : M → R with fs = 0 we have dD−f = dNf ; by taking
into account that |θ|−2 = Wz−2 we can take Im w˜ = − W˜
2W
.
Now recall that complex homothetic foliations are stable under bi-axial symmetries
of type (2.4), and observe that double twisting is again a twist, because the volume form
of D+ stays the same; these facts imply that it is always possible to twist the Ka¨hler
metric so that both I and J become integrable.
There remains to show that this situation corresponds, locally, to a Ka¨hler metric
of Calabi type. Well, by lemma 2.2 the sign-reversing almost complex structure I is
integrable if and only if γ = 0, that is dD−ln |θ| = 0 by lemma 2.1, (iii). Then dln |θ|
belongs to Λ1D+, and repeating the argument of lemma 2.1, (iv) yields dln |θ| ∧ θ = 0.
Therefore χ1 = 0, and after a transformation of type (2.4) we obtain a Killing vector
field such that XyωJ = dz = zθ. In the Ka¨hler reduction governed by equations (2.6)
this corresponds to W = q(z), so in addition to (2.8) we also get, from (2.6), that αz = 0
and −dα = b. In conclusion g = q(z)dz2 + 1
q(z)
(ds − α)2 + zb(·, I·) which clearly is the
local form of a metric of Calabi type. 
Conversely, we have showed that Ka¨hler manifolds that admit a complex homothetic
foliation by curves are obtained locally as follows.
Let (M, g0, J0) be of Calabi type. For any map w = w1 + iw2 :M → D we define the
almost complex structures
Jw = (1− S)
−1J0(1− S), Iw = (1− S)
−1I0(1− S),
where S equals
(
w1 w2
w2 −w1
)
on D+ with basis {r−1dr,Θ}, and is the identity on D−,
in the notation of section 2.1. Since D+ is totally geodesic with respect to g0, by lemma
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2.2 the endomorphism Jw is integrable, ie
(2.9) dD−w2 = J0dD−w1,
which in turn says w is transversely holomorphic. In a basis-free way, this is equivalently
re-written as
(2.10) (LJ0XS)V = J0(LXS)V
for any (X, V ) belonging to D− × D+. Similarly, the almost complex structure Iw is
integrable iff dD−w2 = −J0dD−w1, so in the end Iw and Jw are both complex if and only
if dw ∧ θ0 = 0, as expected.
The Riemannian metric gw = g0((1 + S)
−1(1 − S)·, ·) is compatible with both Jw
and Iw, and leaves the Ka¨hler forms of (g0, J0) and (g0, I0) unchanged. Therefore, under
equation (2.9) the structure (gw, Jw) is Ka¨hler, and D
+ defines a complex homothetic
foliation with respect to it.
To sum up, we have actually proved:
Proposition 2.2. Let (M, g0, J0) be Ka¨hler of Calabi type, and w a transversely holo-
morphic twist. Then (gw, Jw) is a Ka¨hler structure for which D
+ is a complex homothetic
foliation.
To finish the proof of theorem 1.1 there really only remains to treat the case when
θ = 0. If so, the foliation induced by D+ is Riemannian, and since (g, J) is Ka¨hler
the considerations at the beginning of section 2.2 show that D− is totally geodesic.
Therefore D+ is holomorphic in this case as well. Writing down the restriction of the
Ka¨hler structure to D+ using a basis of basic vector fields (with respect to the foliation
induced by D−), it is easy to prove the existence of a twist satisfying (2.10).
Notice that when the manifold is complete it is known in this case that both foliations
lift to a product foliation on the universal cover [9].
We end this section by computing the Ricci form of some special twisted Calabi-type
metrics.
Lemma 2.3. Let (M2m, g0, J0) be of Calabi type with moment map G(r) = A ln r for
some constant A < 0. For any transversely holomorphic twist w such that L d
dr
w =
LKw = 0, the Ricci form of the Ka¨hler structure (gw, Jw) is
ρgw = ρgN −
1
2
(dJd)ln (1− |w|2).
Proof. Pick ϕ in Λ0,m−1D− such that dϕ = 0 and consider
Ψ = (e0 − we0) ∧ ϕ
in Λ0,mJw M , where e0 = r
−1dr+ iΘ is in Λ0,1J0 D
+. Holomorphic transversality, together with
the fact that de = −de belongs to Λ1,1D−, forces de0 ∧ϕ = 0 = de0 ∧ϕ and dw ∧ϕ = 0,
hence dΨ = 0. Moreover Ψ∧Ψ = (1−|w|2)Ψ0∧Ψ0 where Ψ0 = e0∧ϕ belongs to Λ
0,m
J0
M ;
9it follows that |Ψ|2gw = (1 − |w|
2)|Ψ0|
2
g0
since the metrics gw and g0 are compatible with
the same symplectic form. Therefore
ρgw = −(dJwd)ln |Ψ|gw = −
1
2
(dJd)ln (1− |w|2)− (dJwd)ln |Ψ0|g0.
Because of the choice of moment map, the norm |Ψ0|g0 is given by |ϕ|gN up to a constant
(see also (2.1)), and the claim follows. 
Note that these metrics are defined for 0 < r < 1.
3. Einstein almost Ka¨hler metrics
Let R2 be equipped with co-ordinates x1, x2, standard flat metric g0 and standard com-
plex structure J0. Consider (Z, h, I) a Ka¨hler manifold and endow M = R
2×Z with the
metric and orthogonal almost complex structure
g =(g0 + h)w, J = (J0 + I)w
where w : Z → D is a map. Flipping the sign of J along span{ d
dx1
, d
dx2
} produces a
g-orthogonal almost complex structure J˜ = (−J0 + I)w, which is automatically almost
Ka¨hler, since by construction
g(J˜ ·, ·) = −dx1 ∧ dx2 + ωh.
By lemma 2.2 we have that (g, J) is Ka¨hler if and only if w : Z → D is holomorphic;
in this case the same lemma ensures that J˜ is not integrable for non-constant w. These
assumptions will be valid from now on.
We begin by showing that the almost Ka¨hler structure (g, J˜) belongs to the so-called
class AK3 (see [12, 22]). This means that the Riemann tensor R preserves the decompo-
sition Λ2M = λ1,1
J˜
M ⊕ λ2
J˜
M , where λ1,1
J˜
M and λ2
J˜
M respectively denote the bundles of
J˜-invariant and J˜-anti-invariant two-forms; more explicitly,
(3.1) R(J˜X, J˜Y, J˜Z, J˜U) = R(X, Y, Z, U)
for all X, Y, Z, U in TM .
Theorem 3.1. The non-Ka¨hler, almost Ka¨hler manifold (M, g, J˜) belongs to the class
AK3.
Proof. As (g, J) is Ka¨hler, R(JX, JY, JZ, JU) = R(X, Y, Z, U) for all X, Y, Z, U in TM ,
hence (3.1) is easily seen to be equivalent with
R(V1, V2, V3, X) = 0
and
R(X, Y, Z, V4) = 0
for arbitrary Vi, 1 6 i 6 4 in D
+ and X, Y, Z in D−. Since D+ induces a Riemannian
foliation with totally geodesic orthogonal complement, the second claim follows directly
from O’Neill’s formulas [8]. There remains to prove the first assertion.
Let ∇ be the Levi-Civita connection of g and let η = 1
2
(∇J˜)J˜ be the intrinsic torsion
tensor of (g, J˜). The fact that (g, J) is Ka¨hler implies [η, J ] = 0, hence the canonical
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Hermitian connection ∇ = ∇+ η preserves D±. Therefore, using again O’Neill’s formula
we get
−R(V1, V2, V3, X) = 〈(∇V1η)V2V3 − (∇V2η)V1V3, X〉
for all Vi, 1 6 i 6 3 in D
+ and any X in D−.
Now let Vi =
d
dxi
, 1 6 i 6 2. Since w is defined on Z, by construction of g we have
that V1, V2 are Killing vector fields for g, and holomorphic for J and J˜ , that is LVig = 0
and LViJ = LVi J˜ = 0, i = 1, 2. But V1, V2 commute, so 2g(∇ViVj, X) = −Xg(Vi, Vj) and
hence
(3.2) 2g(ηViVj , X) = Xg(Vi, Vj)
for 1 6 i, j 6 2 and any X in D−, since D+ is parallel with respect to ∇.
Since the metric g only depends on Z, the Koszul formula yields g(∇ViVj , Vk) = 0 for
all 1 6 i, j, k 6 2; moreover ηU J˜ + J˜ηU = 0 for all U in TM , and thus rankD
+ = 2
implies g(ηViVj, Vk) = 0, 1 6 i, j, k 6 2. Again by the ∇-parallelism of D
+ it follows that
∇ViVj = 0, 1 6 i, j 6 2. Differentiating (3.2) gives (∇Viη)VjVk = 0, 1 6 i, j, k 6 2; in
particular, R(Vi, Vj, Vk, X) vanishes when X is in D
−. 
Remark 3.1. It is easy to see that (M, g) is locally irreducible, unless locally Z = Z1×Z2,
a Riemannian product of Ka¨hler manifolds such that dw|TZ2 = 0.
The above AK3-structures made their first appearance, when Z is a Riemann sur-
face, in [4]; the same authors [5] showed that they exhaust the class of 4-dimensional
AK3-manifolds. Recall that in dimension 4 these metrics are Einstein (Ricci-flat) pre-
cisely when they arise, in the form of the Gibbons-Hawking Ansatz, from a translation-
invariant harmonic function; see [5, 17].
We now construct examples, in arbitrary dimensions, where the almost Ka¨hler metrics
of theorem 3.1 are Einstein (Ricci-flat). Relying on a similar computation to that of
lemma 2.3, it will be equivalent to provide Ka¨hler manifolds (Z, h, I) satisfying
ρh =
1
2
(dId)ln (1− |w|2) =
1
2
(dId)lnRe w˜,(3.3)
where w˜ = 1−w
1+w
is the Cayley transform of a holomorphic map w : Z → D.
Example 3.1. The fact that the curvature condition is stable under the Calabi Ansatz,
in the following sense, is the key.
In general, if we take a Ka¨hler manifold N and use Calabi’s recipe to produce
(Z2n, h, I) with moment map G(r) = A ln r, as explained in section 2.1, then ρg0 = ρgN
by lemma 2.3. Therefore if (gN , IN) satisfies (3.3) for some holomorphic map w : N → D,
so does (h, I) after lifting w to Z.
Now suppose the base Ka¨hler manifold is a Riemann surface (Σ, gΣ, IΣ) equipped
with a non-constant holomorphic function w : Σ → D; equation (3.3) is satisfied when
(1−|w|2)−1gΣ is flat. Assuming this, we iterate the general construction n−1 times while
retaining the same type of moment map. The resulting 2n-dimensional Ka¨hler manifold
satisfies (3.3), and possesses a local T n−1 action by holomorphic isometries.
11
Another family of examples arises from observing that (3.3) interacts equally well
with the twisted Calabi construction, making again iteration possible.
Example 3.2. Let (Zk, gk, Ik) be obtained by the twisted Calabi construction with base
(Zk−1, gk−1, Ik−1) as in lemma 2.3 and holomorphic twist w : Zk−1 → D. Therefore if
ρgk−1 = m−k+1
2
(dIk−1d)ln (1 − |w|
2) we have ρgk = m−k
2
(dIkd)ln (1 − |w|
2). The notation
is obviously meant to hint at an inductive process. Let the first step (k = 1) be a
Riemann surface (Σ, gΣ, IΣ) with a non-constant holomorphic function w : Σ → D such
that ρgΣ = m
2
(dIΣd)ln (1 − |w|
2); this amounts to (1 − |w|2)−mgΣ being a flat metric.
The (m − 1)-fold iteration of the procedure eventually generates a Ka¨hler manifold
(Zm−1, gm−1, Im−1) of complex dimension m satisfying equation (3.3). Once again there
is a (m− 1)-torus local action by holomorphic isometries. Also notice that the next step
(Zm, gm, Im) of the iteration is Ricci-flat.
The previous two groups of examples are distinguished by the behaviour of the dis-
tribution Ker dw. This is of codimension-two, integrable and holomorphic (clearly where
dw 6= 0). For any (Z2m, h, I) subject to (3.3), Ker dw is tangent to the leaves of a homo-
thetic foliation in both cases 3.1 and 3.2; but whereas in the former it is totally geodesic,
this not the case in the latter.
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COMPLEX HOMOTHETIC FOLIATIONS ON KA¨HLER MANIFOLDS
SIMON G. CHIOSSI AND PAUL-ANDI NAGY
Abstract. We obtain a local classification of complex homothetic foliations on Ka¨hler
manifolds by complex curves. This is used to construct almost Kaehler, Ricci-flat metrics
subject to additional curvature properties.
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1. Introduction
Consider a foliation F on a Riemannian manifold (M, g). It is called conformal if
LV g = θ(V )g
holds on TF⊥ for any vector V tangent to the leaves where θ is a 1-form on M that
vanishes on TF⊥. The foliation F is called homothetic if θ is closed, that is dθ = 0.
These natural classes of foliations, as introduced in [24], provide a geometric set-up
for integrating the Einstein [25] or Einstein-Weyl [21] equations. Moreover, homothetic
foliations are important sources of harmonic morphisms, see [7, 19]. Examples include
Riemannian metrics of warped-product type [22], and the case when the leaves are of
dimension, or co-dimension, one is fairly well understood [19, 10].
When (M2m, g, J) is Kaehler and F is a complex Riemannian foliation, or equivalently
θ vanishes, the situation has been studied in [16, 17]. However, homothetic foliations with
complex leaves on Ka¨hler manifolds are still mysterious and their classification an open
problem. If the manifold is foliated by complex curves we prove:
2000 Mathematics Subject Classification. 53C12, 53C25, 53C55.
Key words and phrases. Ka¨hler manifold, Einstein almost Ka¨hler metric, complex homothetic folia-
tion, Ka¨hler manifold of Calabi type.
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Theorem 1.1. A connected Ka¨hler manifold equipped with a complex homothetic folia-
tion by curves is either
(i) locally obtained from a Ka¨hler manifold of Calabi type via a transversely holo-
morphic twist;
or
(ii) the local Riemannian product of a Riemann surface and a Ka¨hler manifold;
or
(iii) the local Riemannian product of a Ka¨hler manifold and a twistor space over a
quaternion Ka¨hler manifold with positive scalar curvature.
The name Calabi type refers essentially to Calabi’s construction of Kaehler metrics on
a holomorphic line bundle over a Ka¨hler base. Simple examples thereof include metric
cones of Sasakian manifolds, and an abstract characterisation for surfaces was obtained
in [6]. A twist is simply a smooth map from the Ka¨hler manifold to the open unit disc
in the complex plane. In (i) above locally means around each point of some dense open
subset in M .
By using results in [16, 17] we first show that that either F is holomorphic or Rie-
mannian and totally geodesic and that the last instance corresponds to cases (ii) and (iii)
in theorem 1.1. The remaining case to treat is when F is holomorphic, however it is the
symplectic perspective that suits the problem best. Indeed, the aforementioned twist is
actually a deformation of the Ka¨hler structure along the leaves of the foliation only, that
keeps the symplectic form fixed. If one assumes that the leaves are of complex dimen-
sion one, the well-known parametrisation of twists linearises in a nice way under certain
integrability conditions. In fact, the remaining of the proof of theorem 1.1 is based on
the inspection of the structure equations of holomorphic homothetic foliations by curves,
which can be solved explicitly. This allows to find a twist that renders the Lee form θ
of F dual to the gradient of the moment map of a certain holomorphic Killing vector
field. The familiar reduction procedure [15, 20] for circle-symmetric Ka¨hler metrics then
completes the argument.
The twisted Calabi construction’s symplectic nature suggests how one should obtain
almost Ka¨hler metrics with curvature properties close to Ka¨hler manifolds. In the final
section of the paper we use the recipe of theorem 1.1 to present new instances of almost
Ka¨hler structures of so-called class AK3 in the sense of [13, 23]. This class has been
vigourously studied in dimension 4 by Apostolov et.al [4, 5]; in higher dimension locally
irreducible examples are supported by twistor spaces over negative quaternion-Ka¨hler
manifolds [2]. If one looks at dimension 4 these metrics are Einstein (actually Ricci-
flat) precisely when they arise, in the form of the Gibbons-Hawking Ansatz, from a
translation-invariant harmonic function; see [5, 18] for details. We show that iterating
Calabi’s construction with a twist yields examples of another kin, and in any dimension,
of Einstein(Ricci flat) almost-Ka¨hler, non-Ka¨hler metrics in the class AK3. Non Ricci-
flat, homogeneous, examples of almost-Ka¨hler, non-Ka¨hler metrics in dimension 4m,m >
6 can be found in [1](see also [3]).
2. Complex homothetic foliations
32.1. Ka¨hler structures of Calabi type. Following [6, 14] we briefly outline the main
features of the construction borne in on the seminal article [11].
Let (N, gN , IN) be a Ka¨hler manifold with fundamental 2-form ωN = gN(IN ·, ·). In
this setting we will use the convention INα = α(IN ·) for the action of IN on one forms.
Now take a Hermitian line bundle (L, h) −→ N and a Hermitian connection DL on it
with curvature tensor −iωN ⊗ 1L, and let M = L
× be the total space of L without the
zero section. Choosing DL induces a splitting
TM = D+ ⊕D−
where D+ is the distribution tangent to the fibres of L and D− its orthogonal comple-
ment. If we let r : M → R denote the fibres’ norm, and call 2K the generator of the
natural circle action on M , so that exp(2piiK) = −1, the fibres’ inner product induces
a Hermitian metric h on D+ such that h(K,K) = r2. The operator DL also yields a
connection form Θ in Λ1M such that Θ(K) = 1, dΘ = ωN . The two form Θ ∧ rdr
endows D+ with its natural orientation. But D+ comes also equipped with a complex
structure J0 satisfying J0dr = rΘ, which can be extended toM by lifting IN horizontally;
we shall still denote it by J0. For suitable functions F :]0,∞[→ R the closed two-form
ωN + (dJ0d)F (r) gives a Ka¨hler structure with respect to J0 that makes K a Hamilton-
ian Killing vector field. Moreover, by changing the sign of J0 along D
+ we obtain an
almost complex structure I0 that is orthogonal for g0. Parametrising the structure by the
moment map G(r) = 1 + rF ′(r) of K we may write the metric as
g0 = G(r)gN − r
−1G′(r)h,
with G positive and decreasing in order to define a genuine Riemannian metric. The
fundamental 2-forms relative to J0, I0 consequently read
ωJ0 = G(r)ωN −G
′(r)Θ ∧ dr, ωI0 = G(r)ωN +G
′(r)Θ ∧ dr,
and the volume form becomes
(2.1) ωmJ0 = −mG
m−1(r)G′(r)ωN ∧Θ ∧ dr.
The distribution D+ is clearly totally geodesic with respect to g0 (see also [14]); it is also
easy to see that I0 is integrable and that D
+ induces a homothetic foliation.
The triple (M, g0, J0) thus constructed will be referred to as a Ka¨hler manifold of
Calabi type; we will also allow Riemannian products of Ka¨hler manifolds with Riemann
surfaces be part of this definition. In real dimension 4 any Ka¨hler surface (M4, g0, J0)
with a Hamiltonian Killing vector field K for which the almost complex structure I0
reversing the sign of J0 along span{K, J0K} is locally conformally Ka¨hler has to be of
Calabi type [6].
Note that the Lee form θ0 of the complex structure I0, its norm and its dual ζ0 with
respect to g0 satisfy the following relationships:
θ0 = −
2H ′(r)
H(r)
dr, |θ0|
2
g0
= 4rH ′(r), ζ0 = −2rH(r)
d
dr
where the map H(r) is the reciprocal of G(r)and d
dr
is the projection of the radial vector
field of C\{0} to M .
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2.2. The structure equations. Let (M2m, g, J), m > 2, be a Ka¨hler manifold endowed
with a complex foliation, and denote by D+ the distribution tangent to its leaves, by
D− the orthogonal complement. We assume that D+ induces a homothetic foliation by
curves, that is
(2.2) LV g = θ(V )g
on D−, whenever V belongs to D+. Moreover θ in Λ1D+ satisfies dθ = 0 and the real
rank of D+ is two. We will denote by ζ the vector field dual to θ, that is θ = g(ζ, ·).
Decomposing the Ka¨hler form ωJ = ω
+ + ω− along TM = D+ ⊕D− implies
−dω+ = dω−.
The orthogonal almost complex structure which reverses the sign of J on D+ will be
called I; it has Ka¨hler form ωI = −ω
++ω−. Recall that a complex distribution E ⊆ TM
is holomorphic iff (LXJ)TM ⊆ E for all X in E, in which case the complex Frobenius
theorem ensures that E is locally spanned by holomorphic vector fields.
We begin by showing that the following alternative holds.
Proposition 2.1. A complex homothetic foliation by curves on a connected Ka¨hler man-
ifold is either
(i) holomorphic
or
(ii) totally geodesic and Riemannian.
Proof. LetD be the orthogonal projection of the Levi-Civita connection onto the splitting
TM = D+ ⊕D−. This is a metric and also Hermitian connection, since (g, J) is Ka¨hler
and the tensor ξ = D − ∇ in Λ1M ⊗ Λ1,1M describes the usual O’Neill obstruction
tensors. Therefore the components of ξ in Λ1D+ ⊗ Λ1,1D+ and Λ1D− ⊗ Λ1,1D− vanish
and the restriction of ξ to D+ is symmetric since the latter is integrable; moreover from
(2.2) and [ξ, J ] = 0 it follows that
(2.3) ξXY = ξ˚XY +
1
2
〈JX, Y 〉Jζ +
1
2
〈X, Y 〉ζ
where ξ˚XY + ξ˚YX = 0 and ξ˚XJY = Jξ˚XY for all X, Y in D
−. Then an easy computation
gives g((LV J)X, Y ) = −2g(JV, ξ˚XY ) for all V in D
+ and wheneverX, Y are in D−; hence
D+ if and only if ξ˚ vanishes. From the closure of θ
(2.4) 0 = dθ(X, Y ) = −θ[X, Y ] = 2θ(ξ˚XY )
for all X, Y in D−.
Now on the open set where θ 6= 0 we have D+ = span{ζ, Jζ} hence the above shows
that ξ˚ = 0. Let us now work on some open set where θ vanishes. Then the foliation is
Riemannian and it has been proved in [17] that 〈ξ˚XY, ξVZ〉 = 0 for all X, Y, Z in D
− and
V in D+. Where ξ˚ 6= 0 we have by a dimension argument span{ξ˚XY : X, Y ∈ D
−} = D+
showing that the restriction of ξ to D+ vanishes, thus the latter is totally geodesic; but
in this case (g, I) is a nearly Ka¨hler structure with intrinsic torsion ξ˚ and canonical
hermitian connection D hence Dξ˚ = 0(see [16] for details).
5By a density argument we conclude that Dξ˚ = 0 over M . Therefore either ξ˚ vanishes
identically when we obtain (i), or it is nowhere vanishing when again by (2.4), we get
θ = 0 and further that D+ is totally geodesic by the considerations above. 
In the situation of (ii) above the structure (g, I) is nearly Ka¨hler having a real two
dimensional invariant distribution (here D+) invariant under its canonical Hermitian
connection D. If (g, I) is Ka¨hler it is clear that D+ is parallel w.r.t. the Levi-Civita
connection of g, which is therefore locally the Riemannian product of a Riemann surface
and a Ka¨hler manifold; otherwise, by [16] we have that (g, J) is locally the Riemannian
product of a Ka¨hler manifold and the twistor space of a quaternion Ka¨hler manifold with
positive scalar curvature.
Therefore, in order to prove theorem 1.1, there remains to consider only the case when
D+ is holomorphic, an assumption which will be made in the remaining of this section.
For the local classification of holomorphic homothetic foliations by curves we first look
at their structure equations.
Lemma 2.1. The following hold on the open set where θ 6= 0:
(i) we have
LζJ = (χ1θ + χ2Jθ)⊗ ζ + (−χ2θ + χ1Jθ)⊗ Jζ
for some local functions χ1, χ2 on M , with χ1 = −2|θ|
−2LJζ ln |θ|;
(ii) the function χ = χ1 + iχ2 satisfies ∂D−χ = 0 where ∂D− : Λ
0D− → Λ1,0D− is the
transverse Dolbeault operator;
(iii) we have dω− = θ ∧ ω−;
(iv) the form e = θ + iJθ in Λ0,1D+ satisfies
de = ηω+ + e ∧ γ − e ∧ γ − i|θ|2ω−
where η :M → iR is some function and γ = −2∂D− ln |θ|;
(v) in case χ1 = 0 there exists a non-zero local function ϕ with dϕ ∧ θ = 0 such that
ϕJζ is a Hamiltonian Killing vector field for (g, J).
Proof. (i) Because the tangent distribution D+ is holomorphic we can write LζJ =
α⊗ ζ + Jα⊗ Jζ , where α is a one-form on M . Since dθ = 0 and (g, J) is Ka¨hler we get
after anti-symmetrisation that −α ∧ Jθ+ Jα∧ θ = 0, hence α belongs to Λ1D+ and the
desired parametrisation follows. Therefore [ζ, Jζ ] = |θ|2χ1ζ −|θ|
2χ2Jζ , and in particular
|θ|4χ1 = θ[ζ, Jζ ]: the claim follows by taking into account that dθ = 0.
(ii) Since J is integrable we have ∂(LζJ) = 0, which gives dα in Λ
1,1M . The claim follows
then from dθ = 0 and the fact that d(Jθ) lives in Λ1,1M .
(iii) Because dω− = −dω+ and ω+ vanishes on D− it follows that dω− has vanishing
component in Λ3D−. Now for any V1, V2 in D
+ we have
V1yV2ydω
− = V1yLV2ω
− = LV2(V1yω
−) + [V1, V2]yω
− = 0
by sucesively using that ω− vanishes on the integrable distribution D+. There remains
to compute, for X, Y in D− and V in D+
dω−(V,X, Y ) = (∇V ω
−)(X, Y )− (∇Xω
−)(V, Y ) + (∇Y ω
−)(V,X).
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However (∇V ω
−)(X, Y ) = (∇V ω
+)(X, Y ) = 0 and (∇Xω
−)(V, Y ) = −ω−(∇XV, Y )
hence finally dω−(V,X, Y ) = −〈JV, [X, Y ]〉 = θ(V )ω−(X, Y ) by using (2.3) and the
holomorphy of D+.
(iv) The closure of θ forces d(Jθ) to have type (1, 1), hence we can write
d(Jθ) = fω+ + θ ∧ ψ + Jθ ∧ Jψ + gω−
where ψ belongs to Λ1D− and f, g are functions. Over D− we have |θ|2ψ = Lζ(Jθ) =
JLζθ = JdD−|θ|
2 by using that LζJ vanishes on D
−. To conclude we note that
d(Jθ) ∧ ω+ = Jθ ∧ dω+ = θ ∧ Jθ ∧ ω− = −|θ|2ω+ ∧ ω−
by using (iii).
(v) If χ1 vanishes, part (ii) implies dχ2 is in Λ
1D+; thus after differentiation dχ2([X, Y ]) =
0 for all X, Y in D−, and so
(dχ2)ζ〈ζ, [X, Y ]〉+ (dχ2)Jζ〈Jζ, [X, Y ]〉 = 0.
Since by (2.3) and dθ = 0 we have 〈ζ, [X, Y ]〉 = 0 and 〈Jζ, [X, Y ]〉 = |θ|2〈X, JY 〉, it
follows that dχ2 ∧ θ = 0. Writing locally θ = dt and χ2 = V (t), the desired function
solves ϕ′ = ϕV , since LζJ = χ2(Jθ ⊗ ζ − θ ⊗ Jζ). 
The case when D+ is totally geodesic falls directly under (v) above; for θ closed implies
dD− |θ| = 0 hence also LJζ |θ| = 0 as in the proof of previously cited.
2.3. Integrability and twists. We now consider deformations of the complex structure
J along D+ in view of next section’s results.
Denote the open unit disc in the plane {z ∈ C : |z| < 1} with D, and let
w = w1 + iw2 :M → D
be a smooth map, which we will call a twist. Then define almost complex structures
Jw, Iw on M by
Jw = (1− S)J(1− S)
−1, Iw = (1− S)I(1− S)
−1
where S equals
(
w1 w2
w2 −w1
)
on D+, in the basis of one-forms {θ, Jθ}, and vanishes on
D−. Then Iw, Jw are orthogonal for the metric
gw = g((1 + S)(1− S)
−1·, ·),
with unchanged Ka¨hler forms
gw(Jw·, ·) = ωJ and gw(Iw·, ·) = ωI .
It is well known that any pair of commuting almost complex structures that preserves
D±, equals (I0, J0) on D
− and is compatible with ω+ on D+ is built in such a way.
We shall discuss the conditions under which the structure is preserved by twisting,
meaning that (gw, Jw) is supposed to remain Ka¨hler; if this is the case D
+ is automatically
the leaf-tangent distribution of a complex homothetic foliation, as one can check using
basic vector fields.
7We will frequently use the Mo¨bius transformation w = − w˜
1+w˜
in order to linearise
subsequent quadratic equations; under this transformation D is mapped onto the half-
plane {z ∈ C : Re z > −1
2
}. We denote by ζw the vector field dual to θ with respect
to the metric gw and note that Jwζw = Jζ , since the Ka¨hler form of (gw, Jw) does not
change. Furthermore,
(2.5) |θ|2gw = −
|1 + w|2
1− |w|2
|θ|2g =
1
2Re w˜ + 1
|θ|2g.
Lemma 2.2. Let (M, g, J) be a Ka¨hler manifold equipped with a holomorphic homothetic
foliation by curves. Given a twist w,
(i) the structure Jw is integrable iff ∂D−w˜ + w˜γ = 0;
(ii) the structure Iw is integrable iff ∂D−w˜ + (1 + w˜)γ = 0.
Proof. (i) As J is integrable and D+ holomorphic, Jw is integrable iff, for any α in Λ
0,1
Jw
D+,
the form dα has no component in Λ2,0JwM ; equivalently dα ∧ Λ
0,m
Jw
M = 0. Since the latter
space is generated by α ∧ β with β in Λ0,m−1D− we must have dα ∧ α ∧ β = 0. Taking
now α = e−we yields ∂D−w+(w+w
2)γ = 0, after a short computation mainly based on
(iv) in lemma 2.1. The claim follows from the explicit expression of the transformation
w 7→ w˜ .
Part (ii) is proved similarly, one only has to notice that Λ0,1Iw D
+ is spanned by α with
α as above. The integrability of Iw is equivalent to ∂D−w − (1 + w)γ = 0, which yields
the claim by Mo¨bius transformation. 
The above integrability conditions will be used to twist the structure so that Jζ is
proportional to a Killing vector field first, and then to prove the classification.
Proposition 2.2. Let (M, g, J) be a Ka¨hler manifold with a holomorphic homothetic
foliation. Around points where θ 6= 0 there exists a structure-preserving local twist w
such that ϕ(t)Jζ is a Killing vector field for gw, where ϕ(t) is a one-variable map and
θ = dt.
Proof. First of all we need to exhibit a twist w rendering Jw integrable, for which the
previous lemma is needed. By (v) in lemma 2.1 furthermore, in order to have Jζ propor-
tional to a Killing field, LJζ |θ|gw = 0 must hold, that is |θ|
2χ1(Re w˜ +
1
2
) + LJζRe w˜ = 0
according to (2.5). It is straightforward to verify that if χ˜ satisfies LJζχ˜ = −
1
2
χ and
∂D−χ˜ = 0 then w˜ = |θ|
2χ˜ is a solution to both equations. To finish the proof there
remains to prove the existence of such a χ˜. This comes essentially from the observa-
tion that LJζ commutes with dD− , hence with its complex counterparts. In fact, it is
enough to work along integral sub-manifolds of the integrable distribution Ker θ, which
are Sasakian manifolds with contact form |θ|−2Jθ and Reeb vector field Jζ by (iv) in
lemma 2.1; in this situation the assertion follows by writing dD− in local co-ordinates for
the Sasakian structure, and then integrating χ along Jζ . That we also have ∂D− χ˜ = 0 is
due to (ii) in lemma 2.1, which asserts that ∂D−χ = 0. 
We may always locally assume that the moment map z of the Killing vector field
X = ϕ(t)Jζ , given by XyωJ = dz, satisfies θ = dln z. That is because for positive
8 S. G. CHIOSSI AND P.- A. NAGY
functions a, b of t constrained by b′ + b = −a, the metric
(2.6) gˆ = ag|D+ + bg|D−
is Ka¨hler for J , has Lee form θˆ = a
b
θ and converts D+ in a complex homothetic foliation.
The desired relationship between z and the dilation of θˆ is obtained for b′+ b(ϕ
′+ϕ
2ϕ
) = 0.
We are ready now for the main result of this section.
Theorem 2.1. Any Ka¨hler manifold with a holomorphic homothetic foliation by curves
is locally obtained by twisting a Ka¨hler structure of Calabi type.
Proof. We first work on the open set where θ 6= 0 and search for a twist w such that Iw and
Jw are both integrable. By lemma 2.2 this amounts to solving −dD−w˜ = (1+ w˜)γ + w˜γ.
Then
dD−(Re w˜|θ|
−2) = |θ|−2dD− ln |θ| and dD−(Im w˜|θ|
−2) = |θ|−2JdD− ln |θ|,
so that we can look for solutions satisfying Re w˜ = 1
2
(|θ|2 − 1) and
(2.7) JdD− |θ|
−2 = −2dD−(Im w˜|θ|
−2).
To solve the latter equation, by the argument above and proposition 2.2 we are entitled
to assume there is a Killing vector field X with XyωJ = dz and θ = dln z.
Using the description [15, 20] of Ka¨hler manifolds with a holomorphic Killing vector
field X , we write N for the local holomorphic quotient M/{X, JX}, so that to have
locally M = R2 × N with X = d
ds
, XyωJ = dz, where s, z are co-ordinates on R
2.
Moreover,
JX = W−1
d
dz
, Jdz =W−1(ds+ α)
where W−1 = g(X,X) and α, a one-form on N possibly depending on z, have zero
derivatives Ws = 0 and αs = 0. Then ωJ = (ds+α)∧ dz+Ω, with Ω in Λ
1,1N such that
Ω(·, J ·) > 0. Consequently,
dNΩ = 0, Ωz + dNα = 0,
αz = −JdNW ;
(2.8)
the first line amounts to having ωJ closed, the second describes the integrability of J ,
and dN is just the exterior differential on N . By differentiating once more we obtain
(2.9) Ωzz − (dNJdN)W = 0.
But since ω− = Ω, imposing dω− = dln z ∧ ω− yields
(2.10) Ω = zb
where b in Λ1,1N is closed with bs = bz = 0. In particular (dNJdN)W = 0 by (2.9), so
JdNW = dNW˜ for some function W˜ on N (possibly depending on z). To solve (2.7) we
observe that for any function f : M → R with fs = 0 we have dD−f = dNf ; by taking
into account that |θ|−2 = Wz−2 we can take Im w˜ = − W˜
2W
.
Now recall that complex homothetic foliations are stable under bi-axial symmetries
of type (2.6), and observe that double twisting is again a twist, because the volume form
9of D+ stays the same; these facts imply that it is always possible to twist the Ka¨hler
metric so that both I and J become integrable.
There remains to show that this situation corresponds, locally, to a Ka¨hler metric of
Calabi type. By lemma 2.2 the sign-reversing almost complex structure I is integrable
if and only if γ = 0, that is dD− ln |θ| = 0 by lemma 2.1, (iv). Then dln |θ| belongs to
Λ1D+, and repeating the argument of lemma 2.1, (v) yields dln |θ| ∧ θ = 0. Therefore
χ1 = 0, and after a transformation of type (2.6) we obtain a Killing vector field such that
XyωJ = dz = zθ. In the Ka¨hler reduction governed by equations (2.8) this corresponds
to W = q(z), so in addition to (2.10) we also get, from (2.8), that αz = 0 and −dα = b.
In conclusion g = q(z)dz2 + 1
q(z)
(ds + α)2 + zb(·, I·) which clearly is the local form of a
metric of Calabi type.
Now on any open set where θ = 0, the foliation induced by D+ is Riemannian, and
since (g, J) is Ka¨hler the considerations at the beginning of section 2.2 show that D−
is totally geodesic, in particular integrable. Writing down the restriction of the Ka¨hler
structure to D+ using a basis of basic vector fields (with respect to the foliation induced
by D−), it is easy to prove directly that the structure is locally obtained from the
Riemannian product of a Riemann surface and a Ka¨hler manifold by means of a twisting
endomorphism S. Notice that when the manifold is complete it is known in this case
that both foliations lift to a product foliation on the universal cover [9]. 
Conversely, we have showed that Ka¨hler manifolds that admit a holomorphic homo-
thetic foliation by curves are obtained locally as follows.
Let (M, g0, J0) be non-product of Calabi type. For any map w = w1 + iw2 : M → D
we define the almost complex structures
Jw = (1− S)
−1J0(1− S), Iw = (1− S)
−1I0(1− S),
where S equals
(
w1 w2
w2 −w1
)
on D+ with basis {r−1dr,Θ}, and is the identity on D−,
in the notation of section 2.1. Since D+ is totally geodesic with respect to g0, by lemma
2.2 the almost complex structure Jw is integrable if and only if
(2.11) dD−w2 = J0dD−w1,
which in turn says w is transversely holomorphic. In a basis-free way, this is equivalently
re-written as
(2.12) (LJ0XS)V = J0(LXS)V
for any (X, V ) belonging to D− × D+. Similarly, the almost complex structure Iw is
integrable iff dD−w2 = −J0dD−w1, so in the end Iw and Jw are both complex if and only
if dw ∧ θ0 = 0, as expected.
The Riemannian metric gw = g0((1+S)
−1(1−S)·, ·) is compatible with both Jw and Iw,
and leaves the Ka¨hler forms of (g0, J0) and (g0, I0) unchanged. Therefore, under equation
(2.11) the structure (gw, Jw) is Ka¨hler, and D
+ defines a holomorphic homothetic foliation
with respect to it. In the product case, the construction above still applies when the
twisting endomorphism S, no longer defined in a preferred basis, satisfies (2.12).
To sum up, we have actually proved:
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Proposition 2.3. Let (M, g0, J0) be Ka¨hler of Calabi type, and w a transversely holo-
morphic twist. Then (gw, Jw) is a Ka¨hler structure for which D
+ is a complex homothetic
foliation.
Theorem 1.1 in the introduction is now fully proved. We end this section by computing
the Ricci form of some special twisted Calabi-type metrics.
Lemma 2.3. Let (M2m, g0, J0) be of Calabi type with moment map G(r) = A ln r for
some constant A < 0. For any transversely holomorphic twist w such that L d
dr
w =
LKw = 0, the Ricci form of the Ka¨hler structure (gw, Jw) is
ρgw = ρgN −
1
2
(dJd)ln (1− |w|2).
Proof. Pick ϕ in Λ0,m−1D− such that dϕ = 0 and consider
Ψ = (e0 − we0) ∧ ϕ
in Λ0,mJw M , where e0 = r
−1dr+ iΘ is in Λ0,1J0 D
+. Holomorphic transversality, together with
the fact that de0 = −de0 belongs to Λ
1,1
D
−, forces de0∧ϕ = 0 = de0∧ϕ and dw∧ϕ = 0,
hence dΨ = 0. Moreover Ψ∧Ψ = (1−|w|2)Ψ0∧Ψ0 where Ψ0 = e0∧ϕ belongs to Λ
0,m
J0
M ;
it follows that |Ψ|2gw = (1 − |w|
2)|Ψ0|
2
g0
since the metrics gw and g0 are compatible with
the same symplectic form. Therefore
ρgw = −(dJwd)ln |Ψ|gw = −
1
2
(dJd)ln (1− |w|2)− (dJwd)ln |Ψ0|g0.
Because of the choice of moment map, the norm |Ψ0|g0 is given by |ϕ|gN up to a constant
(see also (2.1)), and the claim follows. 
Note that these metrics are defined for 0 < r < 1.
3. Einstein almost Ka¨hler metrics
Let R2 be equipped with co-ordinates x1, x2, standard flat metric g0 and standard com-
plex structure J0. Consider (Z, h, I) a Ka¨hler manifold and endow M = R
2×Z with the
metric and orthogonal almost complex structure
g =(g0 + h)w, J = (J0 + I)w
where w : Z → D is a smooth map. Flipping the sign of J along span{ d
dx1
, d
dx2
} produces
a g-orthogonal almost complex structure J˜ = (−J0+ I)w, which is automatically almost
Ka¨hler, since by construction
g(J˜ ·, ·) = −dx1 ∧ dx2 + ωh.
By lemma 2.2 we have that (g, J) is Ka¨hler if and only if w : Z → D is holomorphic; in
this case the same lemma ensures that J˜ is never integrable for non-constant w. These
assumptions will be valid from now on.
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We begin by showing that the almost Ka¨hler structure (g, J˜) belongs to the so-called
class AK3 (see [13, 23]). This means that the Riemann tensor R preserves the decompo-
sition Λ2M = λ1,1
J˜
M ⊕ λ2
J˜
M , where λ1,1
J˜
M and λ2
J˜
M respectively denote the bundles of
J˜-invariant and J˜-anti-invariant two-forms; more explicitly,
(3.1) R(J˜X, J˜Y, J˜Z, J˜U) = R(X, Y, Z, U)
for all X, Y, Z, U in TM .
Theorem 3.1. The non-Ka¨hler, almost Ka¨hler manifold (M, g, J˜) belongs to the class
AK3.
Proof. As (g, J) is Ka¨hler, R(JX, JY, JZ, JU) = R(X, Y, Z, U) for all X, Y, Z, U in TM ,
hence (3.1) is easily seen to be equivalent with
R(V1, V2, V3, X) = 0
and
R(X, Y, Z, V4) = 0
for arbitrary Vi, 1 6 i 6 4 in D
+ = span{ d
dx1
, d
dx2
} and X, Y, Z in D− = (D+)⊥. Since
D+ induces a Riemannian foliation with totally geodesic orthogonal complement, the
second claim follows directly from O’Neill’s formulas [8]. There remains to prove the first
assertion.
Let ∇ be the Levi-Civita connection of g and let η = 1
2
(∇J˜)J˜ be the intrinsic torsion
tensor of (g, J˜). The fact that (g, J) is Ka¨hler implies [η, J ] = 0, hence the canonical
Hermitian connection ∇ = ∇+η preserves D±. Therefore, using again O’Neill’s formulas
we get
−R(V1, V2, V3, X) = 〈(∇V1η)V2V3 − (∇V2η)V1V3, X〉
for all Vi, 1 6 i 6 3 in D
+ and any X in D−.
Now let Ki =
d
dxi
, 1 6 i 6 2. Since w is defined on Z, by construction of g we have
that K1, K2 are Killing vector fields for g, and holomorphic for J and J˜ , that is LKig = 0
and LKiJ = LKiJ˜ = 0, i = 1, 2. But K1, K2 commute, so 2g(∇KiKj, X) = −Xg(Ki, Kj)
and hence
(3.2) 2g(ηKiKj , X) = Xg(Ki, Kj)
for 1 6 i, j 6 2 and any X in D−, since D+ is parallel with respect to ∇.
Since the metric g only depends on Z, the Koszul formula yields g(∇KiKj , Kk) = 0
for all 1 6 i, j, k 6 2; moreover ηU J˜ + J˜ηU = 0 for all U in TM , and thus rankD
+ = 2
implies g(ηKiKj, Kk) = 0, 1 6 i, j, k 6 2. Again by the ∇-parallelism of D
+ it follows
that ∇KiKj = 0, 1 6 i, j 6 2. Differentiating (3.2) gives (∇Kiη)KjKk = 0, 1 6 i, j, k 6 2;
in particular, R(Ki, Kj, Kk, X) vanishes when X is in D
−. 
We record now some details on the algebraic structure of the intrinsic torsion η of
(g, J˜). Because (g, J) is Ka¨hler, D− is totally geodesic and D+ has real rank two the
Ka¨hler nullity
{U ∈ TM : ηU = 0} = D
−
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on the open set where η(or equivalently dw by (3.2)) does not vanish. Easy orthogonality
and dimension arguments also show that
ηD+D
+ ⊆ D−, ηD+D
− = D+
on the open set where dw 6= 0.
Generically the metrics in theorem 3.1 are locally irreducible as the following shows.
Proposition 3.1. The Riemannian manifold (M, g) is locally irreducible, unless locally
Z = Z1 × Z2, a Riemannian product of Ka¨hler manifolds such that dw|TZ2 = 0.
Proof. Assume that g is locally reducible and let E ⊆ TM be parallel w.r.t. the Levi-
Civita connection of g. Because (g, J) is Ka¨hler by a standard holonomy argument we
may assume that E is stable under J , unless g is flat; since it would imply the integrability
of J˜(see [12]) this case can be excluded. We obtain a symmetric endomorphism S of M
such that ∇S = 0 and [S, J ] = 0 given by the identity on E and its opposite on E⊥.
After splitting S = S ′+S ′′ into J˜-invariant resp. J˜- anti-invariant components it follows
that
(3.3) ∇S ′ = [η, S ′′], ∇S ′′ = [η, S ′].
Since the Riemann curvature acts trivially on S it is straightforward to get from (3.1)
that
[R(U1, U2), S
′] = [R(U1, U2), S
′′] = 0
for all U1, U2 in TM . Now using the O’Neill’s formulas for the remaining curvature terms,
we obtain, as in the proof of theorem 3.1 that R(V,W ) = −[ηV , ηW ] for all V,W in D
+.
Because (g, J˜) is almost-Ka¨hler we have ηJ˜U = ηU J˜ for all U in TM , in particular
η2V S
′′ + S ′′η2V = 0 for all V in D
+; since S ′′D± ⊆ D∓ and η2V 6 0 preserves D
± it
follows that S ′′ vanishes on the open set where η 6= 0 and therefore everywhere by
(3.3). Therefore S is invariant under both J and J˜ and because it is symmetric with
S2 = 1TM we can assume w.l.o.g. that S|D+ = 1D+ . From ∇S = 0 and [η, S] = 0 we get
that the distribution ker(S + 1) ⊆ D− satisfies η(ker(S + 1)) = 0 and it is preserved
by the connection ∇. An elementary projection argument and (3.2) lead now to a local
Riemannian splitting of Z as in the statement. 
The above AK3-structures made their first appearance, when Z is a Riemann sur-
face, in [4]; the same authors [5] showed that they exhaust the class of 4-dimensional
AK3-manifolds. Recall that in dimension 4 these metrics are Einstein (Ricci-flat) pre-
cisely when they arise, in the form of the Gibbons-Hawking Ansatz, from a translation-
invariant harmonic function; see [5, 18].
We now construct locally irreducible examples, in arbitrary dimensions, where the
almost Ka¨hler metrics of theorem 3.1 are Einstein (Ricci-flat). Relying on a similar
computation to that of lemma 2.3, it is equivalent to provide Ka¨hler manifolds (Z, h, I)
satisfying
ρh =
1
2
(dId)ln (1− |w|2) =
1
2
(dId)lnRe wˆ,(3.4)
where wˆ = 1−w
1+w
for some non-constant holomorphic map w : Z → D.
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Example 3.1. The fact that the curvature condition (3.4) is stable under the Calabi
Ansatz, in the following sense, is the key.
In general, if we take a Ka¨hler manifold N and use Calabi’s recipe to produce
(Z2n, h, I) with moment map G(r) = A ln r, as explained in section 2.1, then ρg0 = ρgN
by lemma 2.3. Therefore if (gN , IN) satisfies (3.4) for some holomorphic map w : N → D,
so does (h, I) after lifting w to Z.
Now suppose the base Ka¨hler manifold is a Riemann surface (Σ, gΣ, IΣ) equipped
with a non-constant holomorphic function w : Σ → D; equation (3.4) is satisfied when
(1−|w|2)−1gΣ is flat. Assuming this, we iterate the general construction n−1 times while
retaining the same type of moment map. The resulting 2n-dimensional Ka¨hler manifold
satisfies (3.4), and possesses a local T n−1 action by holomorphic isometries.
Another family of examples arises from observing that (3.4) interacts equally well
with the twisted Calabi construction, making again iteration possible.
Example 3.2. Let (Zk, gk, Ik) be obtained by the twisted Calabi construction with base
(Zk−1, gk−1, Ik−1) as in lemma 2.3 and holomorphic twist w : Zk−1 → D. Therefore if
ρgk−1 = m−k+1
2
(dIk−1d)ln (1 − |w|
2) we have ρgk = m−k
2
(dIkd)ln (1 − |w|
2). The notation
is obviously meant to hint at an inductive process. Let the first step (k = 1) be a
Riemann surface (Σ, gΣ, IΣ) with a non-constant holomorphic function w : Σ → D such
that ρgΣ = m
2
(dIΣd)ln (1 − |w|
2); this amounts to (1 − |w|2)−mgΣ being a flat metric.
The (m − 1)-fold iteration of the procedure eventually generates a Ka¨hler manifold
(Zm−1, gm−1, Im−1) of complex dimension m satisfying equation (3.4). Once again there
is a (m− 1)-torus local action by holomorphic isometries. Also notice that the next step
(Zm, gm, Im) of the iteration is Ricci-flat.
The previous two groups of examples are distinguished by the behaviour of the dis-
tribution Ker dw. This is of codimension-two, integrable and holomorphic (clearly where
dw 6= 0). For any (Z2m, h, I) subject to (3.4), Ker dw is tangent to the leaves of a homo-
thetic foliation in both cases 3.1 and 3.2; but whereas in the former it is totally geodesic,
this not the case in the latter.
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